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Pursuit-Evasion of Two Aircraft in a Horizontal Plane

N. Rajan,* U.R. Prasad,t and N.J. Rao}
Indian Institute of Science, Bangalore, India

Pursuit-evasion between two aircraft in a horizontal plane is analyzed as a differential game using point-mass
aircraft models. A suitable choice of real-space coordinates confers open-loop optimality on the game. The
solution in the small is described in terms of the individual aircraft’s extremal trajectory maps (ETM). Each is
independent of role, adversary, and capture radius. An ETM depicts the actual trajectories flown by the aircraft
in real space. A template method of generating constant control arcs is described. This is used to investigate bank
saturation and throttle switching behavior exhaustively. Sections of the barrier are obtained by iteratively

clioosing pairs of extremals from the two ETM’s.

1.. Introduction
NALYTICAL studies of aircraft pursuit-evasion
techniques seek to determine the influence of aircraft

.and weapon system performance upon combat outcome and
to derive idealized tactics. Aircraft pursuit-evasion is con-
siderably more difficult to analyze than optimal maneuvers
because a closed-loop solution is a must in a differential game
situation and exceptional and discontinuous surfaces are the
rule rather than an exception.

Analyses of aircraft pursuit-evasion have simplified the
situation along three lines. First, pursuit-evasion has been
studied as variants of the Game of Two Cars.!7 In these, the
aircraft are assumed to fly at constant altitude and speeds;
their optimal paths are composed of circular arcs and straight
- line segments. Second, in the energy approach, 81! the aircraft
are modeled realistically in terms of their energies and relative
heading. However, the relative positions of the aircraft are
ignored. The differential game studied is again trimensional.
Third, in the dynamic modeling!? and numerical ap-
proaches, 1316 combat is formulated as a game of prescribed
duration thus avoiding discontinuous and exceptional sur-
faces. Even then, near-optimal closed-loop solutions have
only been obtained for simple examples. !6 Thus an analysis of
constant-altitude pursuit-evasion with varying aircraft speeds
portrays the situation realistically. It also takes on, for the
first time, a free-time combat game with five state variables.

The game is formulated in a real space whose origin and
axes change from party to party. The equations decompose
into two sets, one for each aircraft. These are coupled in terms
of the terminal quantities alone. This simplifies the solution in
the small and effects significant computational economy.
Moreover, each aircraft’s optimal motion in real space can be
described in terms of an extremal trajectory map (ETM)
which is independent of the adversary and of role. The ETM
thus serves as a measure of an individual aircraft’s combat
performance.
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The barrier and switching surfaces (solution in the large)
for the game are constructed by combining the two aircraft
ETM’s. This is illustrated by the computation of barrier
sections (BS).

II. Differential Game Anaiysis
A. Formulation

Two aircraft pursuit-evasion in a horizontal plane is for-
mulated here in real-space.§ In a Cartesian coordinate system
(CCS) (whose origin and orientation are as yet arbitrary), the
position and velocity vectors of the pursuer (P) and evader (E)
are (x;,y;) and (M,,B8;) for i=1,2, respectively, satisfy

%;=M; cosB; - 4y

Y;=M,; sing; 2
M;=A;(M;)x;—B;(M;) — C;(M;)w? A3)
B =wa;(M;) IM; @

Equations (3) and (4) are obtained by modeling the
supersonic aircraft as point masses executing coordinated
turns at constant altitude under the assumptions that 1) the
change in mass is negligible, 2) the thrust vector is aligned
with the zero-lift axis, 3) the cosine of angle of attack is near
unity, and 4) the normal component of thrust is negligible in
comparison to the lift (see Appendix A).

Each aircraft can vary its Mach number between the stall
limit and the maximum velocity placard limit,

M, <M;sM, ()

The throttle and bank ct;ntrols (=;,w;) are constrained as
| O=s7;<1 ©6)
lw; 1 <1 %)

Capture is said to occur when the distance between the
aircraft is R and. is shrinking. The payoff is the time to
capture.

The variational Hamiltonian can be written as

2
H=)‘o+2 [)‘xixi"')‘y,--};i()‘M,-+“'i)Mi+)‘ﬁiBi] ®
i=1
where A, =0 for the Game of Kind and 1 for the Game of
Degree.

§One of the reviewers suggested this simplified derivation starting
from a real-space formulation. This is gratefully acknowledged.
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In Eq. (8), p; adjoin M, to H to account for the first-order
state constraints of Eq. (5).!7 The p, satisfy the Kuhn-Tucker
conditions

>0  if M=
(—l)i#i =

if M,<M,<M, ©)

The adjoint equations and transverstality condition can be
written readily. The real-space coordinate system is chosen so
that its origin coincides with the pursuer’s terminal position
and the x-axis is along the terminal line of sight (PE). This is
possible because the game is invariant with respect to tran-
slation and rotation of the real-space coordinate system. The
position and orientation adjoints integrate to

(=D =N, (10)
N, = 0 (1)
)‘ﬂi =\, »i(i=12) (12)
Furthermore,
A, ={ 1 . _ Game of Kind 13)
2 1/ (x;p—Xy) Game of Degree

is always positive. This leads to a decoupling of the canonical
equations of the game into two disparate, identical sets, one
for each aircraft.

B. Derivation of Optimal Strategies

The optimal controls (;,w;), i=1,2 yleld a saddie point
for H. As H does not involve time explicitly, a first integral of
motion is given by

min max H=0 (14)
(rp.@p) (x2,w2)

Using the normalized speed adjoints P,,, and multlphers Bis
Pu, & (=D Ny Py - ay)
B& (=1 il Ny

and integrating Eq. (12) into Eq. (8), Eq. (14) becomes

(16)

Ao+ Aoy, [ min H - mm Hz] =0 an

"I»“’I)

since )\x” is positive definite. In Eq. (17),

Hi= Dy, +i)M;=y,Bi~%  (i=12) (18)

The constraints of Eqgs. (6) and (7) on (7, w;), i=1,2 are also A

separable and identical in form. The optimal controls are
T =stp[ — (Pay, + ) ] (19
: sat[ —a,y,/2C;M; (D, + ;)] i (Dpy, +12;) <0
o {sgn(yi) if (D, +i) 20 (i=12)

where stp, sat, and sgn denote the step, saturation, and relay

. functions, respectively. Each aircraft’s controls depend on its
‘own normalized speed adjoint and multiplier as a con-
sequence of the location and orientation of the CCS. The
normalized speed adjoints of the aircraft satisfy, for i=1,2,
the equation

20

ﬁMi =COSB,' +y1dB|/dM1 _'pM'_dM"/dM,' (21)

(see Appendix B.)
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Since the canonical equations (1-4) and (21) together with
the controls [Eqs. (19 and (20)] form two disparate sets, one
for each player, an ‘‘open-loop optimality’’ similar to that
obtained in differential turns!® js conferred here. Assume that
the evader also ends at the origin of the CCS. Then its motion
is described by the same equations as the pursuer’s. The
evader’s new path need only be translated along the x-axis by
the capture radius to give the actual path. If roles are
reversed, aircraft 1’s (the erstwhile pursuer) path is the one
that is displaced by the capture radius. Thus a map of the
paths emanating from the origin for different values of
(M) represents the behavior of the aircraft as pursuer
and evader. This map is termed an extremal trajectory map
(ETM) and the solution in the small is discussed in terms of
the ETMs. ‘

Remark: The position and orientation of the CCS change
from party to party (fixed only when the termination is
known). Thus (x;,y;) can be calculated only in retro time
7(=1t,—1t). The relation between the reduced space quantities
r, ¥;, i=1,2 and the CCS quantities is evident from Fig. 1.
While constructing a reduced space trajectory from a pair of
extremals, it can be easily checked that r increases in retro
time.

III. Construction of an Aircraft ETM

A, Types of Extremals

The normalized speed "adjoint can be integrated
analytically. This simplifies the derivation of extremals and
the study of switching behavior. The numerical values for the
example aircraft (both of which are assumed identical) are
taken from Ref. 18. The stall angle of attack is taken as 12
deg.

For M, #0, Eq. (21) can be multiplied by M, and integrated
by parts between any ¢ and ¢, to give

MIpM "'M COSBI xf cosBxf"'yxBx (22)
which reduces Eq. (18) to H;= — M, cosf,;.

If M;=0 for a full bank arc, the Mach number will be

constant over a finite time interval and p M; can be integrated
analytically. This can happen only at M;=M"* which is 0.75
for the example aircraft. On a partial bank arc, the vanishing

cCs
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P(X; ¥y)

Fig. 1 Relation between reduced space and Cartesian coordinate
system.



MAY-JUNE 1980

of M, requires that

Since A;~B;>C; below M*, M;#0 there. Numerical éx-,

perience shows that M vanishes mstantaneously only above
Mt

From Egs. (19) and (20) it is clear that the control com-
bination of zero throttle and partial bank is nonoptimal. Full
throttle partial bank, full throttle full bank, and zero throttle
full bank are the optimal nonsingular control combinations.

Singular values of ; may be optimal if M, is within bounds
and py, =0. Equating successive time derivatives of Puy; to
zero gives

cosB; + 1y, IM; 1 (da;/dM; —a;M; 1) =0 24)
w;sing, (da;/dM; —2a,M; 1) + M;M; ! |y, (d2a,/dM?
" —2M;!da;/dM;+2a;M;?) =0 25)

In Eq. (25), w; is given by the relay function in Eq. (20). Hence
Eq. (25) gives M; and =;. The =; so obtained must satisfy the
Generalized Legendre Clebsch condition. 7

d2a,/dM?—2M;da;/dM, + 2aM;? <0 (26)

For M;> M, the Mach number corresponding to the corner
velocxty, the acceleration limit a; (M) is set by pilot tolerance
and is constant; hence Eq. (26) is violated. Below M, it is lift
limited. Here, no optimal paths terminate as singular throttle
arcs. However, it is possible that the normalized speed adjoint
and its time derivatives vanish at the retro throttle switching
instant 7,. The extremal then continues as a singular arc along
which Egs. (22) and (24) combine to yield

1y;1 (da;/dM; — 2a;M; 1) = — M cosB,, Q@7

The singular arc will continue as long as ; calculated from
Eqgs. (27) and (25) remains within 10,11, :

A possibility of chattering arises if in Eq. (18), ;=0 and
Pum; > 0. It turns out that such a chattering arc does not satisfy
the Kelley-Contensou test for optimality.

An extremal trajectory may consist of a segment on the
upper or lower speed bounds joining an unconstrained arc.
However, only straight line dashes along the negative x-axis
satisfy the necessary junction condition (see Appendix C).

At termination, the quantities y 9 and y; appearing in Egs.
(19) and (20) vanish. Thus the terminal strategles depend on
the derivatives of these quantities and are given as

7; =stp(cosB) (28)

w,:{ sat(—a;tanB,/2C;) if cosB,>0 29

—sgn(sing;) if cos@B,=0
The angle at which the terminal bank in Eq. (29) saturates is
B, (M;) =arctan[2C,(M,) /a;(M)]  (30)
For M; = M,, there are no retrogressive paths for |
By>Br=arctan{2[C;(4,—B)1%/a;} (1)

as the necessary condition of Eq. (9) is contravened. At the
lower boundary M;, the turn rates are practically zero and the
extremals are simply straight lines emanating at different ;.
For 18,1>90 deg, the extremals terminate with =;=0 and
lo; 1=1.

Thus it is noted that the terms of extremals obtained are full
bank arcs with the throttle closed or open and partial bank
arcs with the throttle open. The former are constant control
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arcs (CCA’s) and can be generated without integration using
trajectory templates

'B. Templates

A template is a path flown with throttle and bank controls
held constant. The path is described in a coordinate system
fixed in the plane with the origin coinciding with the initial
position of the aircraft and the x-axis along the initial velocity
vector. The trajectory templates for the given aircraft are
shown in Fig. 2. All the curves are flown with w=1. Curve 1
flown at full throttle accelerates from M to M*. As the Mach
number approaches M* =0.75, the acceleration tends to zero
and the curve becomes circular. Curve 2 again flown at full
throttle decelerates from M to M*. The third curve is flown.
with zero throttle throughout and slows from M to M. Points
are marked on the template curves at 1-s intervals. The
corresponding curves for negative bank are simply the mirror
images of these three along the x-axis.

The CCA is described in a coordinate system fixed to the
plane. It can thus be constructed without integration by
translation and rotation of a template segment. This also
permits a global investigation of control switching.
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C. Bank Saturation, Throttle, and Bank Switching
At termination (7=0), w;=0 for 8,=0 from Eq. (29). As
18| increases, lw;l increases until it becomes unity at
18,1 =B;;. Along extremals with a partial bank segment, the
bank increases in retro time. For small 18| the retrogressive
path encounters the lower speed boundary before the bank
saturates. For larger |8,] values, an implicit algebraic
relation for the bank saturation instant 7, can be obtained by
eliminating p,, between Egs. (20) and (22). Plots of 7, vs 8 i
for different M, are shown in Fig. 3.,

From Eq. (lg), throttle switches at the zeros of p,,.. Thus
Eq. (22) becomes an implicit relation for the throttle sv(/itching
instants. Switching replaces one sort of CCA with another; all
the quantities involved in the relation can be readily computed
in terms of the template quantities. This greatly reduces the
computation time required to determine the switching instant
and permits extensive numerical investigation of throttle
switching behavior. _

Figure 4 shows the first throttle switching instant r; (from
one to zero) vs B for different M. For M, =<0.8, there is no
throttle switching when 18,1 <90 deg. This is justified
because, in this Mach number range, turn rate improves with
Mach number and there would be little point in decelerating.
For the Mach number range plotted in Fig. 4, there is only a
single switch in throttle from one to zero. For M, = 1.5 there
is no switch in throttle for 8,1 <40 deg as the retrogressive
paths stop once M; =M.

Figure § depicts the variation of the first throttle switching
instant 7,; from zero to one. At 7=0, 7, =0 for 18,1 >90 deg
from Eq. (28). Extremals with M, > M continue backward in
time with 7, =0 until they intersect the x-axis. There is a
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Fig. 4 First throttle switching instant (x =1to x=0) vs Blf'
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second switch in throttle (from one to zero) which appears at

18,1 =94 deg for M;,=0.8. This throttle closure occurs just
after M, crosses M. The interval between the two switching
instants decreases with increase in 18! and eventually
vanishes. Beyond this there is no switch in throttle before the
extremal cuts the x-axis. Also, for M;,=0.75 and 0.7, the
second switch in throttle occurs just after M is crossed, first
appearing after 18,1=98 and 100 deg, respectively. Ex-
tremals for M;,=0.6 and 0.5 do not show any second switch
in throttle. There is a small range of 18| =98.6 and 98.9 deg
for M;;=0.6 and '106.3 and 107.8 deg for M;,=0.5, over
which singular throttle arcs arise (see Sec. III. A). These are at
the end of the switching region. The junction times 7; between
the nonsingular and singular arcs are:

1) M,;=06, |8,1= 98.6deg, 7,=10.15
1Byl = 98.9deg, 7,= 9.1s
2) Mif=0'5' |6y| =106.3 deg, 7= 12.1s

IBUI=107.Sdeg, T,= 9.1s

Beyond this the extremals cut the x-axis without switching
throttle. :

D. Extremal Trajectory Maps

The ETM’s for M, =0.5 and 1.3 are shown in Figs. 6 and 7,
respectively. In the partial bank region, turn rate is exchanged
for greater longitudinal acceleration. For 18,1 >8, , all the
extremals are CCA’s with w; =0 or 1. In the case of M‘., =1.3,
paitial bank arcs decelerate (in retro time) below 1.3 and then
accelerate. )

From the above it is clear that the-extremal for any
(M,8) can be traced in retro time. The solution of the
game in the large determines for what values this need be
done.

3 ALTITUDE - 6100m
t Bif IS MARKED ALONG
THE CURVES
(km) A: THROTTLE SWITCHING
FROM ‘0" "TO “1°

t ALTITUDE - 6100 m

{km}

X —

(km)
Fig.7 Extremal trajectory map for M, =1.3.
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IV. Construction of the Barrier

A. Method of Approach

The barrier and switching surfaces for the game are
hypersurfaces in the reduced space. For a given set of initial
Mach numbers M,,,M,, and relative orientation B, the
corresponding barrier section (BS), depending upon whether
it is open or closed, delineates the relative evader positions
that result in easy and involved/impossible capture. Thus
barrier sections for different sets of M,,, M,,, 8, depict the
solution to the Game of Kind. So do the switching surface
sections for the Game of Degree.

The BS for M,,, M,,, B, intersects all the retrogressive
paths on which M,, M,, 8= (8, —8,) simultaneously attain
M, My, B, 1t is noted that 8, parameterizes the BS. As 8,,
is obtained by the Boundary of the Usable Part (BUP) con-
dition

08, =M, cosB; /M), (32)
a two-dimensional search on M, M, is required to match
the speeds and relative orientation. In other words, for a given
B> a barrier path results for each choice of M,,, M, bound
by Eq. (32). At the instant 7, when 8 equals 3, let the Mach
numbers be M,,, M,,. The search for M,,, M,  to match
speeds can be posed as the minimization of
F=w, (M,

M) +w, (Mzo"Mza)2

(w,, w, =weights) (33)
Furthermore, since the aircraft abscissas do not influence the
other ETM variables, speeds and orientation can be matched
without taking the capture radius and the choice of roles into
account. Position coordinates can then be determined for any
set of roles and capture radii even by hand computation, The
above procedure can be easily modified to construct any of
the switching surface sections. Here, the search for terminal
velocity vectors further decomposes into a one-dimensional
search for M, and a two-dimensional search for (M, Ba).
The Powell search method has been used to minimize Eq.

(33). Provision is made to reduce the step size whenever a
violation of the constraints on M,,, M, is imminent. Using
the templates for all the CCA portions of the extremals (Sec.
II1. B) and for the calculation of switching instants (Sec. III.
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C) reduced the time taken to evaluate F to the order of
milliseconds. Typically, 50 function evaluations were needed
to minimize F for most points on the barrier sections. The
overall saving in computation time was therefore tremendous.

B. Barrier Sections for an Initially Slower Pursuer

The BS for M,,=0.9, M,;=1.2 are shown in Fig. 8. Four
encounters starting at different points on the BS are shown in
Fig. 9. For the parties from positions E, and E; on the BS, the

‘pursuer banks partially throughout to turn through 11 and 35

deg, respectively. The retrogressive paths corresponding to E,
and E, last for about 4 5. For E, both aircraft employ zero
throttle throughout. The party corresponding to E, has both
aircraft switching throttle from zero to one, P almost im-
mediately and E 2.4 s later. The encounter at the dispersal
point (DP)D; is qualitatively similar to that for E;; only P
banks sharply at first before leveling out gradually. In all
these cases, it is seen that E’s deviation from the optimal
strategy would result in its running into P, aiding capture.
Similarly P’s deviation would result in E’s escape.

The barrier sections for other initial speeds are also of
similar shape. The BS for M,;,=0.7, M,,=0.9 of Fig. 10
shows that the capture zone shrinks quickly even with a
modest reduction in P’s initial speed.
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C. The Case of the Initially Faster Pursuer

The barrier sections should close even here, for a suf-
ficiently distant E will be able to turn tail and accelerate to M
before P can narrow the range to the capture radius.

The points obtained on a barrier section with M,,=1.2,
M,,=0.9, B,=180 deg are plotted in Fig. 11. These are
obtained from the Mach number/orientation matches ob-
tained for Fig. 8. The curves diverge from each other as P
progressively turns more than E. At the head-on dispersal
point, E has to turn through an angle far in excess of P in
avoiding capture. Between the head-on dispersal point and the
diverging curves obtained earlier, E turns less and less and P
increasingly more. This portion of the barrier section in-
tersects the diverging curves (on which P turns more than E)
at a dispersal point where E has a choice between outturning
or outpacing P in warding off capture. The attempt to obtain
the barrier section between the two dispersal points ran into
numerical difficulties because when B, is very small (i=1,2),
M ;=M and the aircraft extremal trajectories are very long.

Two methods are explored for solving the problem. The
first is an approximate calculation in which E is assumed to
turn’ at full throttle through a large angle (180 deg —9 and
accelerate to M. Meanwhile, P first turns through 8 and then
accelerates to M at full throttle. During the flight at a constant
speed M that ensues, P just manages to close the range to R.
Using this encounter geometry in conjunction with the full
bank templates of Fig. 2 and the straight line template (ac-

celerating from M to M in level flight), E’s relative position .

on the barrier section can be determined for different & This is
illustrated’ by the broken line in Fig. 11. The other method,
called the extended Meier technique,'® is based on the En-
velope Principle of Isaacs. It is new in concept and is under
development.
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V. Conclusions

The formulation of the game in a suitably chosen real space
coordinate system leads to a decoupling of the game equations
into two independent sets. The solution in the small is
discussed in terms of the aircraft extremal trajectory maps.
The ETM contains the whole gamut of maneuvers that an
aircraft may be called upon to perform in combat. It is the
same whether the aircraft is pursuing or evading. Barrier and
switching surfaces can be constructed by combining the two
aircraft ETM’s. Thus, if one aircraft is changed, only its ETM
need be replaced.

In the solution in the large for the game, the matching of
initial speeds and relative orientation is separated from the
computation of the relative positions. Thus, once barrier
sections are obtained for one value of the capture radius,
those for other values and for the reversal of roles can be
computed by hand. All these ideas are novel and result in
phenomenal reduction in computation time. The ETM idea
works for other generalizations of capture set geometry (e.g.,

“fan shape) and dynamics (e.g., three-dimensional energy

formulation that includes relative position information).
Barrier sections for the game in which one aircraft flies at
constant speed have also been determined.

Appendix A: Aircraft Model for Flight
in a Horizontal Plane

Equations (3) and (4) are the usual acceleration and turn
rate expressions for an aircraft in horizontal flight, only they
are normalized here by the sonic speed ¢. The bank control is
related to the actual bank ¢ and maximum permissible bank
Omax DY w=tane/tanc,, . The functions 4, B, C, and a are
defined as

A(M) =Ty (M) /mc (A1)
B(M) =[Dy(M) +D,, (M)]/mc (A2)
C(M) =Dy, (M)tan? [0y, (M)]/me (A3)
a(M) = (g/c)tano,,, (M) (Ad)

Here D,(M) and D, 0 (M) are the base drag and lift induced
drag at zero bank as in Ref. 18. The Mach number for which
the maximum permissible turn rate a (M) /M reaches a peak is
the corner velocity M.

Appendix B: Equation for Speed Adjoints
The normalized speed adjoints satisfy the differential
equation

o, = (=D (1/N,,) 8H/OM, =cosB, + [¥,,df,/dM,

= (py; + ;) (7,d4;/dM; —dB,/dM; - }dC;/dM;)]  (B1)

\
\
\

\ARESULT OF
APPROXIMATE
\ CALCULATION

\ Fig. 11 Barrier sections in reduced space

G

SECTION OBTAINED -180°

THROUGH ITERATION

for M10= 1.2, Mzo =0.9.



" MAY-JUNE 1980

o

with f; =a;/M;.
Where M, #0, the speed is within bounds and f; =0. Note
that from Egs. (4) and (3),

dB,/dM; =w,df,/dM, + f,dw,/dM, (82)
dM,/dM; =n,dA;/dM;~dB,/dM, — ©#dC,/dM,
—2C;w;dw;/dM, (B3)

These expressions are multiplied by y; and Py respecuvely,
and Eq. (B3) is substracted from Eq. (B2) to glve

idB;/dM; —p,y, AM; /M, =y w,df;/dM,
~ Py, (7;dA4;/dM; - dB,/dM; - w2dC,/dM;)

+ (Vi +2py, Ciw0;) dw; /dM; (B4
For partial bank, dH,/dw,=y,f; +2py, Ciw;=0 and for full
bank, dw;/dM; =0. Thus the left side of Eq. (B4) can replace
the term w1th1n square parentheses in Eq. (B1) giving Eq. (21).

; Appendix C: Boundary Arcs
As the state constraints of Eq. (5) involve only the speed,
the speed adjoint alone is discontinuous at the junction point
where the extremal reaches a speed boundary. ! Since M =0
(the ‘+° refers to the constralned arc), the continuity of H
implies

ayi(wi—w (C1)

Straight line dashes along the negative x-axis satisfy Eq. (C1)
identically since p 5, = 0 from Eq. (21).

As the example aircraft decelerates on full bank full throttle
arcs for speeds above M*, a retrogressive path may meet the
upper speed boundary with either zero throttle or full throttle.
The optimality of these extremals is tested by checking Eq.
(C1) with Egs. (19) and (20) apphed on both sides of the
junction. For example, assuming that M; reaches M, with
x;=0, then pj, M >0 from Eq. (19), makmg the right 51de of
Eq (C1) negatlve But on the constrained arc, M =0
precludes full bank. From Egs. (19) and (20) it follows that

wi=1 wi=[(A;=B;)/C/]"sgn(y;) wi=sgn(y;)

HIM; =1’131,»Mf

These make the left side of Eq. (C1) positive whlch is a
contradiction.

Similar analysis for other curved extremals shows that Eq
(C1) is violated and the extremals stop once they reach either
speed boundary.
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